INTEGRABILITY OF (NON-)LINEAR ROUGH DIFFERENTIAL EQUATIONS 

AND INTEGRALS. 



PETER FRIZ, SEBASTIAN RIEDEL 



Abstract. Integrability properties of (classical, linear, linear growth) rough differential equa- 
tions (RDEs) are considered, the Jacobian of the RDE flow driven by Gaussian signals being a 
motivating example. We revisit and extend some recent ground-breaking work of Cass-Litterer- 
Lyons in this regard; as by-product, we obtain a user-friendly "transitivity property" of such 
integrability estimates. We also consider rough integrals; as a novel application, uniform Weibull 
tail estimates for a class of (random) rough integrals are obtained. A concrete example arises from 
the stochastic heat-equation, spatially mollified by hyper-viscosity, and we can recover (in fact: 
sharpen) a technical key result of [Hairer, Comm. PureAppl. Math. 64, no. 11, (2011), 1547-1585]. 
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1. Introduction 

Integrability properties of linear rough differential equations (RDEs), and related topics, driven 
by Brownian and then a Gaussian rough path (GRP), a random rough path X = X (w), have been 
a serious difficulty in a variety of recent applications of rough path theory. To wit, for solutions of 
linear RDEs one has the typical - and as such sharp - estimate O (exp {{const) x cj x (0, T))) where 
w x (0,T) = ||x||p_ var .j T j denotes some (homogenous) p-variation norm (raised to power p). In a 
Gaussian rough path setting, ||X|| p _ var .j Q T j enjoyes Gaussian integrability but as soon as p > 2 
(the "interesting" case, which covers Brownian and rougher situations) one has lost all control over 
moments of such (random) linear RDE solutions. In a recent work, Cass, Litterer, Lyons [4] have 
overcome a similar problem, the integrability of the Jacobian of Gaussian RDE flow, as needed in 
non-Markovian Hormander theory |14) . 



2 



PETER FRIZ, SEBASTIAN RIEDEL 



With these (and some other, cf. below) problems in mind, we revisit the work of Cass, Litterer, 
Lyons and propose (what we believe to be) a particularly user-friendly formulation. We avoid 
the concept of " localized p-variation" , as introduced in [4] , and work throughout with a quantity 
called N\q t\ (x). As it turns out, in many (deterministic) rough path estimates, as obtained in 
[12] for instance, one may replace cj x (0,T) by iV[ 0iT ] (x). Doing so does not require to revisit 
the (technical) proofs of these rough path estimates, but rather to apply the existing estimates 
repeatedly on the intervals of a carefully chosen partition of [0,T]. The point is that iV[o,T] (X) 
enjoyes much better integrability than wx (0,T). Of course, this does not rule out that for some 
rough paths x, ^V[o,t] ( x ) ~ w x (0, T), in agreement with the essentially optimal nature of exisiting 
rough path estimates in terms of w x (0,T). For instance, both quantities will scale like A when 
p = 2 and x is the pure-area rough path, dilated by A >> 1. Differently put, the point is that 
-/V[ 0j t] (X (w)) will be smaller than wx( u ) (0, T) for most realizations of X (oj). 

The consequent focus on N^ T ^ rather than "localized p-variation" aside, let us briefly enlist our 
contributions relative to [3]. 

(i) A technical condition "p > q [p]" is removed; this shows that the Cass, Litterer, Lyons 
results are valid assuming only " complementary Young regularity of the Cameron-Martin 
space", i.e. H C q ~ var where 1/p+l/q > 1 and sample paths have finite p-variation, a 
natural condition, in particular in the context of Malliavin calculus, whose importance was 
confirmed in a number of papers, [11], [10], [3], [2], see also [12] . 

(ii) Their technical main result, Weibull tails of A[ .t] (X) with shape parameter 2/q, here 
X is a Gaussian rough path, remains valid for general rough paths obtained as image of 
X under locally linear maps on (rough) path space. (This random rough paths may be far 
from Gaussian: examples of locally linear maps are given by rough integration and (solving) 
rough differential equations.) 

(iii) The arguments are adapted to deal with (random) linear (and also linear growth) rough 
differential equations (the solution maps here are not locally linear!) driven by X(w). As 
above, it suffices that X is the locally linear image of a Gaussian rough path. 

We conclude with two applications. First, we show how to recover log- Weibull tails for \J\, the 
Jacobian of a Gaussian RDE flow. (Aforc-mcntioned extended validity and some minor sharpening 
of the norm of | J| aside, this was the main result of [4].) Our point here is that [4] use somewhat 
involved (known) explicit estimates for the J in terms of the Gaussian driving signal. In contrast, 
our " user-friendly" formulation allows for a simple step- by-step approach: recall that J solves d J — 
J dM where M is a non-Gaussian driving rough path, obtained by solving an RDE / performing a 
rough integration. Since M is the locally linear image of a Gaussian rough path, we can immediately 
appeal to (iii) . As was pointed out recently by 14; , such estimates are - in combination with a 
Norris lemma for rough paths - the key to a non-Markovian Hoermander and then ergodic theory. 
Secondly, as a novel application, we consider (random) rough integrals of the form J G (X ) e?X, 
with G € Lzp 7_1 ,7 > p and establish Weibull tails with shape parameter 2/q, uniform over classes 
of Gaussian process whose covariance satisfies a uniform variational estimate. A special case arises 
when X = X e is taken, independently in each component, as solution to the stochastic heat equation 
on the ID torus, ii — u xx + W with hyper-viscosity term eu xxxx - as function of the space variable, 
for fixed time. Complementary Young regularity is seen to hold with p > 2 and and q = 1 
and we so obtain (and in fact, improve from exponential to Gaussian integrability) the uniform 
in e integrability estimate [13], Theorem 5.1, a somewhat central technical result whose proof 
encompasses almost a third of that paper. 
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2. Basis definitions 
Definition 1. Let to be a control. For a > and [s,t] C [0, 1] we set 

r (a) = s 

Ti + i (a) — inf {u : uj{Ti,u) > a, r,; (a) < u < t} A t 

and define 

N a , [s , t ] H = sup {n e NU {0} : r„ (a) < t} . 
When uj arises from a (homogenous) p-variation norm of a (p-rough) path, such asw x = ||x||^ _ var .[. .1 
or (D x := |||x|||p t;ar .[. .], detailed definitions are give later in the text, we shall also write 

N a,[sJ] (x) := iV a ,[ s ,i] ( w x) arirf iV ai [ S)t ] (x) := iV a ,[ s , t ] (u> x ) • 

In fact, we will be in a situation where C^ 1 co x < lu x < Cw x for some constant C which entails 
(cf. Lemma [2] below) 

N aC ,[.,.] (x) < N a>W] (x) < N a/C ,[.,.] (x) . 

Furthermore, the precise value of a > will not matter (cf. Lemma |3] below) so that a factor C 
or 1/C is indeed inconsequential; effectively, this means that one can switch between N and N as 
one pleases. 

We now study the scaling of N a . Note that N a ^ Syt ] (to) \ for a /• oo. 

Lemma 1. Let uj be a control and A > 0. Then (s, t) i— > Xuj(s,t) is again a control and for all 
s <t, 

N »,[s,t] (Aw) = N a /x,[ a ,t] M ■ 

Proof. Follows directly from the definition. □ 

Lemma 2. Let uj\,uji be two controls, s <t and a > 0. Assume that uj\ (u,v) < Cuj2 (u,v) holds 
whenever uji (u, v) < a for a constant C . Then Nc a ,[s,t] ( w i) ^ ^a,[s,t] ( w 2)- 

Proof. It suffices to consider the case (7=1, the general case follows by the scaling of N. Set 

t 3 (a) = s 

t{ +1 (a) = inf jit : ojj {r{,u*j > a, t\ (a) < u < t| A t 

for j = 1,2. It suffices to show that rf < t| holds for every i € N. By induction over i: For i = 
this is clear. If rf < r* for some hxed i, 

wi (t,-,m) < w 2 < uj 2 

whenever ^2 ( T fj u ) < Hence 

inf {o;2 {t\, u) > a} < inf {u>i {t\ , u) > a} 

u u 

and therefore rf +1 < t| +1 . □ 
Lemma 3. Lei uj be a control and < a < (3 . Then 

W«,[.,t] M < £ (2A^, M (w) + 1) . 
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Proof. Set 

u a (s,t):= sup y^uj(ti,t i+1 ), 

W=DC[«,t] t . 
u;(ii,£i+i)<a 

We clearly have w„ (s, t) < up (s, t) and 

W„, [ilt] (ui)-1 

<* N a,la,t] ( u ) = ^2 U)(Ti(a) ,T i+ i(a)) <U] a (s,t). 

8=0 

Finally, Proposition 4.6 in [4] shows that (s, t) < [2Npt s t] (w) + l) /3. (Strictly speaking, Propo- 
sition 4.6 is formulated for a particular control w, namely the control induced by the p- variation of a 
rough path. However, the proof only uses general properties of control functions and the conclusion 
remains valid.) □ 

Let x: [0, T] — > G N (R d ) be a path. In the whole section, ||-|L_^ ar denotes the p- variation norm 
for such paths induced by the Carnot-Caratheodory metric; [T2]. Set cj x (s,t) = ||x||p_,, OJ ..r a t i and 
N a ,[ s ,t] ( x ) = N a j Si {\ (cj x ) (the fact that w x is indeed a control is well-known; c.f. \1'2\). 

Lemma 4. For any a > 0, 

l|x|| p _, or;[s , t] < (N ai[a>t] (x) + 1) 
Proof. Let u = uq < u\ < . . . < u m = v. Note that 

m— 1 

II ^-u,v || — || ^u,Ui ® X Ul ,U2 ^ • • • ® X Um _ 1 ^ 1 1 ^ 771^ ^ ^ 1 1 X Ui || 

Let C be a dissection of [a,t] and (r,)^ [s ' tl(x) = fa (a))^ [s '* l(x) . Set D = D U fa)?£ [ * t](x) . 
Then, 

X) HxtiA+if < (x) + 1) P_1 ^ ||xt i ,t i+1 || P 

Wa,[.,i]W 

< (iV a , M (x) + l) p - 1 2 W^-nh.^] 

j'=o 

< (iV QjM] (x) + l) P a. 

Taking the supremum over all partitions shows the claim. □ 

3. Cass, Litterer and Lyons revisited 

The basic object is a continuous (/-dimensional Gaussian process, say X, realized as coordinate 
process on the (not-too abstract) Wiener space (E, W, p) where E = C ([0, T] , R d ) equipped with p 

is a Gaussian measure s.t. X has zero-mean, independent components and that V p . var (^R, [0,T] 2 ^, 

the p- variation in 2D sense of the covariance R of X, is finite for some p € [1, 2). From [12j Theorem 
15.33] it follows that we can lift the sample paths of X to p-rough paths for any p > 2p and we 
denote this process by X, called the enhanced Gaussian process. We also assume that the Cameron- 
Martin space H has complementary Young regularity in the sense that % embeds continuously in 
C«- var ([0,T] ,R d ) with i + i > 1. Note q < p for p. is supported on the paths of finite p-variation. 
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There are many examples of such a situation |12j . let us just note that fractional Brownian motion 
(fBM) with Hurst parameter H > 1/4 falls in this class of Gaussian rough paths. 

In this section, we present, in a self-contained fashion, the results [4]. In fact, we present a 
slightly modified argument which avoids the technical condition "p > q\p]" made in [4j Theorem 
6.2, condition (3)] (this still applies to fBM with H > 1/4 but causes some discontinuities in the 
resulting estimates when H crosses the barrier 1/3). Our argument also gives a unified treatment 
for all p thereby clarifying the structure of the proof (in ]4, Theorem 6.2] the cases [p] =2,3 are 
treated separately "by hand"). That said, we clearly follow [3] in their ingenious use of Borell's 
inequality. 

In the whole section, if not stated otherwise, for a p-rough path x, set 

i/p 

,,, \ 

I^M I \p— var; [s,t] 

Then ||H|| p _ ijar is a homogeneous rough path norm. Recall that, as a consequence of Theorem 7.44 
in [12] . the norms |||'||| p _ var and ||"|| p _ uar are equivalent, hence there is a constant C such that 

^nr 1 1 1 1 1 Ip— var — W W p — var — ^ 1 1 1 1 1 Ip— var ' 

The map (s,t) n- uj x (s,t) = |||x|||^_ rar .j Sit] is a control and we set N a ,[ S! t] (x) = iV a ,[s,t] (wj. 
Lemma 5. Assume that % has complementary Young regularity to X. Then for any a > 0, the set 

Aa = {lll X lllp- 1 ,ar;[0,T] < a } 





p/k \ 




p/k—var;[s,t] J 



we have the lower bound 
C 



has positive ^-measure. Moreover, if M > V p - var (^R; [0, T] 2 ^j , 

M{ll|X||U ar;[0 , T] <a}>l- exp(a) 
where C is a constant only depending on p,p and M. 

Proof. The support theorem for Gaussian rough paths ([T^J Theorem 15.60]) shows that 



supp [X*/i] = 5 H (H) 

holds for p G (2p, 4). Hence every neighbourhood of the zero-path has positive measure which is 
the first statement. The general case follows from the a.s. estimate 

(3.2) \\\S[ p >] (X) | ||p' _ V ar < \\\S[ p >] (X) Hip-war < C PtP i \ \ \ X] 1 1 p _ var 

which holds for every p < p', c.f. [T^], Theorem 9.5. For the lower bound, recall that from |12) . 
Theorem 15.33 one can deduce that 

(3-3) ^(exp|||X||| p __ ;[0T] ) <C 

for p £ (2/3,4) where C only depends on p,p and M, Using (|3.2[) shows that this actually holds for 
every p > 2p. Finally, by Chebychev's inequality, 

C 
exp (a) 

□ 



M{ll|X||| p _ TOr . [0iT] < a} > 1 
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In the next theorem we cite the famous isoperimetric inequality due to C. Borell (for a proof c.f. 
PS Theorem 4.3]). 

Theorem 1 (Borell). Let (E, Ti.,p) be an abstract Wiener space and K. denote the unit ball in H. 
If A C E is a Borell set with positive measure, then for every r > 

p.{A + rJC) > $ (p, (A)) + r) 

where $ is the cumulative distribution function of a standard normal random variable, i.e. $ = 

(^r 1/2 /:oo ex p(™* 2 /2) dx. 

Corollary 1. Let f,g: E — ¥ [0, oo] be measurable maps and a, a > such that 

A a :={x: f (x) < a} 

has positive measure and let a < ^ 1 p(A a ). Assume furthermore that there exists a null-set N 
such that for all x G N c and h € H ■ 

f(x-h)<a=>a \\h\\ n > g (x) . 

Then g has a Gauss tail; more precisely, for all r > 0, 

H ({x : g (x) > r}) < exp ^-l^±lL^ . 

Proof. W.l.o.g. cr=l. Then 

{x:g(x)<r} = \J {x : \\h\\ n > g (x)} 

herK 



D |J {x: f(x~h)<a} 

herK 

= |J {x + h: f(x)<a} 



herK 

= A a + rJC. 

By Theorem Q] 

H {{x : g (x) >r})<fi ({A a + rlC} c ) < $ (a + r) 
where $ = 1 — $. The claim follows from the standard estimate $ (r) < exp (— r 2 /2). □ 

Proposition 1. Let X be a continuous d-dimensional Gaussian process, realized as coordinate 
process on (E,1-l,ii) where E — C([0,T],R d ) equipped with n is a Gaussian measure s.t. X has 
zero-mean, independent components and that the covariance R of X has finite p-variationen for 
some p S [1,2). Let X be its enhanced Gaussian process with sample paths in a p-rough paths space, 
p > 2p. AssumeU has complementary Young regularity, so that Cameron-Martin paths enjoy finite 
q-variation regularity, q < p and ~ + ^ > 1. Then there exists a set E C E of full measure with the 
following property: If 

(3-4) ll|X^-/i)||| p _. uar;M <a 1/p 
for all co € E, h <eTL and some a > then 

C\h\ q _ varAOtT] >a^ (N 0AO>T] (XM)) 1/9 
where /3 = 2 P [p] a and C depends only on p and q. 



INTEGRABILITY OF LINEAR RDES AND RELATED TOPICS 



7 



Proof. Set 

E = {lo : T h (X (lo)) = X (to + ft) for all h E H} . 
From \12\ Lemma 15.58] we know that E has full measure. Define the random partition (i"i)°^ = 
[n (/3))^ ^ or ^ ne con t r °l wx. Let h € % and assume that (I3.4|) holds. We claim that there is a 
constant C Pjg such that 

(3.5) C p , q \h\ q _ var;[Tt ^ +i] > a 1 ^ for aU i = 0, . . . , iV^ [0 , T] (X) - 1. 

The statement then follows from 

%[0,T](X)-1 

CU K-var-^T] > C« p , q E \ h \Uar; lTitTi+l] > ^%0,T] (X) . 

To show p.5[) . we first notice that for every i = 0, . . . , Nprn-n (X) — 1, 

M „ 



P = \\\X(uj)\\\ p , ,=V xW(u) 

III V / 1 1 ip— ifar;[Ti,r.j + iJ / / V / 



fc=l 



p/k— var;[ri t Ti+i] 



Fix i. Then there is a k € {1, . . . , [pi} such that IIX^ M|| P ^ r , > A. Let D = (t,) AJ n 
be any dissection of [r^, Tj+i]. We define the vector 

X« H := ( X <*> « h X« H tM _ lltM ) 

and do the same for X^- 1 (w — ft) and for the mixed iterated integrals 

X if i = 



dZ 11 



< dZ lk where Z 1 = 



A'-' 



ft if i = l 



We have then 



X^(w-ft)= E (-lf+-+^f 



(ii,...,i fc )e{0,l} 



and by the triangle inequality. 

dh® . . . ® dh 

A k 



lp/k 



(3.6) > X< fe ) (w) 



ip/k 



xW(w-ft) + V / dz l 

/p/fc ,. ~, ,» -/A* 



V 



(ii,...,i fe )e{0,l} < 
0<ii+...+i fc <A: 



Since q < 2 and p> q, we can use Young and super-additivity of |ft|g_„ Qr to see that 

< c^yiftp r , , , 



dh® . ■ .® dh 



A*' 



< 



Cgffc l^lg— uar;[Tj,T i+ i] 



For the mixed integrals one has for any u < v 



dZ 1 



dZ lk 



A fe 



— c k,l,p,q \h\q-var;[u,v] IH"^ ( W ) 1 1 lp-«or;[t»,-u] 
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where I = i\ + . . . + (this follows from Theorem 9.26 in [H]). Hence we have, using Holder's 
inequality and supcr-additivity 



dZ l 



>dZ l 



p/k 



[P /k 



- C k%,q'^2\ h \q-var;[t j ,t j + 1 ] lll X ( W 



p—var; [tj ,i j+i] 



l/k 



^ c 5« El<— ;[t„t, + i] Z)lll x (w)lllp- 



; [tj ,tj 



var:\Ti ,r; 



|X(w) 



j 

p(fc-0 

I k 

lp— var;[Ti,Ti + i] 



and hence 



dZ h ® . . . (g) dZ 4fc 



A* 



< 



;p/fc 



c fc',P,? N 



1 1 IX f 1 

g— var;[Ti,Ti-i-i] III v / 1 1 ip— uar;[Ti, -n + ij 



= c k,l,p,q \' l \q-var;[Ti,Ti. +1 ] P P 



By assumption, 



X« ( w -/i) _ < |||X( W -h)|||J_ t(or . [0irl <a 



;p/fc 



fc/p 



Plugging this into (|3.6[) yields 



c g,fc l^lg-i,ar:[ri,T i + i] — 



X( fc ) (w) 



fc — 1 



C k,l,p,q \^ l \q-var;[T i ,T i+1 ] P 



1 = 1 



Now we can take the supremum over all dissections D and obtain, using ||X( fe ) (w) 

\[p\) ' 



> 



Cg,fe |/l| 



> 



> 



XW (w) 



A— 1 



p/k— var;[Ti,Ti+i] 
fc-1 



+ ^ c fc,Z,p,g Wq-mir;[T 4 ,T i+ i] 



n 



fe/p 



/fc-1 



(2* - 1) a*" - £ (2 [p] 1 ^)^ c M , M l^lUanN,. 



fc-! 



By making constants larger if necessary, we may assume that there is a constant Ck, P , q such that 



\h\q- V ar;[T z ,T 1 + 1 ] - ~ ( ^ \^\g-var;W,,T, 



k — l 

a p 



This implies that there is a constant C'k^ p . q depending on Cfc iPi9 such that 



°k \ h \ q -var;[r l ,r l + 1 ] ^ « 



1/p 



Setting C Pt q — max {Ci^q, . . . , Cm p ? } finally shows (|3.5 
Now we come to the main result. 



□ 
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Corollary 2. Let X be a centred Gaussian process in M. d with independent components and co- 
variance Rx of finite p-variation, p < 2. Consider the Gaussian p-rough paths X for p > 2p and 
assume that there is a continuous embedding 

i-.H^t C q ~ var 

where ^ + - > 1 and let K > ||t|| OJ) . Then for every a > 0, N a .[o.T] (X) has a Weibull tail with 
shape 2/q. More precisely, there is a constant C — C (p,q) such that 

1 / aVPrV^ 
- a - 



M {-^a,[o,T] (X) > r} < exp 
for every r > where a > — oo is chosen such that 

a<*-v{ll|x|||p_„ or . [0iT] <^-j 

Proof. Set 



CK 



A„ 



jw : |||X(w) |||p_ vor .[ ,r] < a 1/?) } ■ 
Lemma [5] guarantees that A a has positive measure for any a > 0. From Proposition [T] we know 
that there is a set of full measure such that whenever ||X (uj — h)\\p- va r-[o t] — fll ^ P f° r w ^ -E, 
h E H and a > we have 

where j3 = 2 P [p] a. Setting a = a/ (2 P [p]), Corollary [1] shows that 



H ({w : N a<[0iT] (X (w)) > r}) < exp - 




a l/p r l/q 




2V2c p , q [p] 1/p \ 

where a < $~ V (AO- □ 

Remark 1. Corollary ^remains valid if one replaces N a ,[o,r] &J/ -^a,[o.T] * n ^ e statement. This 
follows directly from (|3.1[) and Lemma\^ by putting the constant C of (|3.1[) m £/ie constant C Pi9 o/ 
i/ie respective corollaries. 

Remark 2. In [12] , Proposition 15.7 is is shown that 



\jv p - var (i?x;[0,T] 2 ) ||/i|| 



|n|p_„ ar < y 'p-uar I J L A , L"> - 1 J J \\'"WH 

holds for all h € "H. Hence in the regime p G [1,3/2) we can always choose q = p and the conditions 
of Corollary [D are fulfilled. For the fractional Brownian motion with Hurst parameter H one can 
show that p = ^ andg > gqjr^ ar e wa/zd choices (cf. [12], chapter 15) and the results of Corollary 
ID remain valid provided H > 1/4. 

Remark 3. If X. is a Gaussian rough paths, we know that \\~X-\\ p _ var /ias a Gaussian tail (or a 
Weibull tail with shape parameter 2), e.g. obtained by a non-linear Fernique Theorem, cf. |10j . 
whereas Corollary^ combined with Lemma\J^ only gives that ||X|| p _ Kar has a Weibull tail with shape 
2/q and thus the estimate is not sharp for q > 1. On the other hand, Lemma^4\ is robust and also 
available in situations where Fernique- (or Borell-) type arguments are not directly available, e.g. 
in a non-Gaussian setting. 
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4. Transitivity of the tail estimates under locally linear maps 

Existing maps for rough integrals and RDE solutions suggest that we consider maps VP such that 
ll*( x )ll P -™r;/ < consL \\*\\p-var-j uniformly over all intervals I C [0,T] where Hx^^ < R, 
R > 0. More formally, 

Definition 2. We call C p ~ var ([0, T] ; G N -> C p ~ var ([0, T] ; G M (R e )) a locally linear 

map if there is a R € (0, oo] such that 



It — .^ {\\* (*)\\p-var ; [«,v] ^ C ll x llp-t>or;[i.,»] f 0r dl ("> W ) G A ' X S± ll x llp-«or 5 [i.,»] ^ R ] 



m\ „:= inf 



/or any x, 

p— var\I 



is finite. 

Remark 4. (1) 

(2) For A G 1, we denote by S\ the dilation map. Set (5\ty) : x i— >• (x). T/ien ||-||^j is 
homogeneous w.r.t. dilation, e.g. \\S x^/\ \ R — \\\ \\^\\ R . 

(3) commutes with the dilation map S modulo p-variation, e.g. ||^ (<$ax)|| _„ ar .j = ( x )ll p - uar / 
for any x, A € M and intervall I c [0,T], we /lave = Halloo for any R > 0. ^4n &r- 
ample of such a map is the Lyons lift map 

S N : C p - var ([0, T] ; G [p] -> G p -™ r ([0, T] ; G w (M d )) 

/or which we have IjSWH^ < C (N,p) < oo, c./. [15] , Theorem 9.5. 

(4) //</>: [0,T] — > 0[O,T] C [0,T] is a bijective, continuous and increasing function and x a 
rough path, we set xf = x^( t ) and caZ/ x^ a reparametrization of x. J/ "J commutes with 

reparametrization modulo p-variation, e.g. \y& (x^ 1 ) || _ vor .j = * ( x ) 

(/> and intervall I C [0,T], we ftave 

ll*llfl : = kg, {ll* ( X )ll P -™,;[0,T] < ^ll X llp-^;[0,T] /«• X ll X ll P -,a,;[0,T] < # } • 

T/izs follows by a standard reparametrization argument. Examples of such maps are rough 
integration over 1-forms, e.g. x t— > f Q if (x) dx, and the Ito-Lyons map, e.g. H> (x) s t = y s .t 
where y solves dy — V (x) dx wii/i initial condition yo G G^ (R e ). In this case, 

llTll ll*( X )llp-™r;[0,T] 
x ll x llp-t)ar;[0,T] 

(where 0/0 := 0J and we /md i/ie usual operator norm. (Note that, however, we can not 
speak of linear maps in this context since rough paths spaces are typically non-linear.) 

(5) Clearly, i/H^IU < oo, ||* (X)|| p _ oor . [8jt] inherits the mtegrability properties o/||X|| p _ oor . [a]t] . 
However, for the most interesting maps, e.g. the Ito-Lyons map, we will not have H^H^ < 
oo, but ||*||d < oo for any finite R > 0. In a way, the purpose of this section is to show that 
one still has transitivity of integrability if one considers N a ^ B ^ (X) instead of \\X.\\ p _ var .r a t y 

Lemma 6. Let and $ be locally linear maps with ||*||^ < oo and H^ll^n^ y < oo. Then ^ o $ 
is again locally linear and 

ll*0*llfl<ll*llfl,|*||jl*llfl- 
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Proof. Let M p _ var . t[uM < R. Then ||* (x)^^ < ||tt|| fl ||x|| p _„ ar;[u >v] < R\\*\\ R which 
implies 

\\® *(X-)\\ P -v a r;[u,v] ^ H $ llfl||*IU II* (^\\p-var;[uM < II $ H «||*|| a II *llii Mp-vanM ' 

□ 

The interesting property of locally linear maps is formulated in the next proposition. 

Proposition 2. Let C p ~ var ([0,T];G N (R d )) -> C* p - t,Qr ([0,T] ;G M (R e )) &e Zoca/Zy linear and 
H^Hfl < oo /or some R £ (0,oo]. T/ien 

Wa||*||£,[.,t] (* (x)) < JV ai[ , )t] (x) 

for any s < t and a £ (0, R p ]. 

Proof. Follows directly from Lemma [2] □ 

4.1. Full RDEs. Consider the full RDE 

(4.1) dy = ^(y)dx; y e G M (K e ) 

where x is a weak geometric p-rough path with values in G?W (R d ), V = (V^) i=1 j is a collection 
of Lip 7 - vector fields in R e where 7 > p and yo is the initial value. Theorem 10.36 and 10.38 in [T^] 
state that (|4.1[) possesses a unique solution y which is a weak geometric p-rough path with values 
in GM (R e ). 

Corollary 3. TTie Lto-Lyons map x i— > y is locally linear with 
(4-2) ll^llfl^^OlVll^VllVll^JP- 1 ) 

/or any R £ (0,oo) where K only depends on p and 7. Moreover, if \\V\\ Li < v, then for any 
a > there is a constant C = C (p, 7, v, a) such that 

N a , [s ,t] (y) < C (N a>[S:t] (x) + 1) 

for any s < t. 

Proof. (|4.2p follows from the estimate (10.26) of Theorem 10.36 in [12]. From Proposition [2] we 
obtain 

N PiM (* (x)) < iV ai[ . |t] (x) 

where (3 — a This already shows the claim if H^H^i/p < 1. In the case > 1, we 

conclude with Lemma [3l □ 

4.2. Rough integrals. If x is a p-rough path and ip — (^j) i=1 d a collection of Lip 1-1 (R d , R e )- 
maps, one can define the rough integral 



(4.3) / if (x) dx 

as an element in C p ~ var ([0,T];G^ (R e )) (c.f. [U], chapter 10.6). 
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Corollary 4. The map f : x^>z, z given by the rough integral (14.31) . is locally linear with 
(4-4) ||*|| fi <jq^|| Llp -,- 1 (lVi?>- 1 ) 

for any R € (0,oo) where K only depends on p and 7. Moreover, if HvHl^t-i < ^ then for any 
a > i/iere is a constant C — C {p, 7, ^, a) suc/i i/iat 

JV Q ,[.,t] (z) < C (JV Qi[ , )t] (x) + 1) 

/or any s < t. 

Proof. (|4.4[) follows from [12], Theorem 10.47. One proceeds as in the proof of Corollary |3] □ 

5. Linear RDEs 
For a p-rough path x, consider the full linear RDE 

(5.1) dy = F(y)dx; Yo e (M e ) 

where V = (V^) i=1 is a collection of linear vector fields of the form Vi{z) = Aiz + bi, Ai are 
e x e matrices and bi £ R e . It is well-known (e.g. [12], section 10.7) that in this case (|5.ip has a 
unique solution y. Unfortunately, the map \& : x H> y is not locally linear in the sense of Definition 
[2] and our tools of the former section do not apply. However, we can do a more direct analysis and 
obtain a different transitivity of the tail estimates. 

Let v be a bound on maxj (\Ai\ + \bi\) and set y = tt\ (y). In [T3], Theorem 10.53 one sees that 
there is a constant C depending only on p such that 

(5-2) IIymII <C(1 + \y.\) u \\A v - var - XsA exp (CiA> ||x||£_„ or;M ) 

holds for all s < t <G [0,T]. (Strictly speaking, we only find the estimate for (s,t) — (0,1), the 
general case follows by reparametrization.) We start with an estimate for the supremum norm of 

y- 

Lemma 7. For any a > there is a constant C = C (p, v, a) such that 

\v\oo;[.,t) <C(l + \y s \)exp(CN a .^ t] (x)) 

holds for any s < t. 
Proof. From (|5.2|) we have 

(5-3) \y u ,v\ < C (1 + \y u \) v ||x|| p _ or;[tl>t)] exp (CiA> HxH^^,) 

for any u < v e [s,t\. From \y u<v \ = \y s>v - y SfU \ > \y s>v \ - \y 3>u \ we obtain 

< ^(l + I^D^IIxllp.^.^^jexp^^llxll^^.^^) +\y s , u \ 

< C(l + \y s \ + |y,, u |)exp{Ci^ ||x||^ ar;M } 
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by making C larger. Now let s = tq < . . . < tjv < tm+i = u <t with M > 0. By induction, one 
sees that 

\Vs, u \ < C M + 1 ((M + l)(l + |y s |))e X p|c^^||x||^ ar;[Ti!Ti+i] | 

< C^ +1 (1 + |y s |)exp jcfv ||x||^_„ ori[TiiTi+i] | . 

This shows that for every u € [s,t], 

\y s ,u\ < c( w -i-^ x ) +1 )(l + | 2/s |)exp(C^a(iV Q;M (x) + l)) 
= (1 + \y a \) exp {(log (CO + CVa) (N aiM (x) + l)} 

and hence 

sup \y s , u \ <C(l + |y s |)exp(CiV a;M ( x )) 
ue[s,t] 

for a constant C = C (p, v, a) and therefore also 

|yloc;M]<C(l + ly S |) ^P (CW a;M (x)). 

□ 

Corollary 5. Let a > 0. Then there is a constant C = C (p, is, a) such that 

N a , [s , t] (y) < C (1 + |y s |fexp (CW Q;M (x)) 

for any s < t. 

Proof. Using (|5.2|) we can deduce that 

lly^ll < C (l + Itf^) i/ ||x|| p _ waj . ;[ „ )W] exp (CV* ||x|£ 
holds for any u < v £ [s,t] and hence also 

l|y|lp-„ari[u,t>] < C ( 1 + \y\oo;[s,t]) V Mp-var;[u,v] ex P (pV* ll x llp 

for any u < v E [s,t]. Now take u < v £ [s,t] such that ||x||p_ oor .r u i < a. We then have 

HvP < r iixF 

II J I Ip— war; [u.v] — II Wp—var;[u,v] 

where 

C = C p (l + Ij/U^]) V exp (pCVa) . 

From Lemma [21 

N Ca,[sA W ^ ^.M ( X ) • 

If C* < 1, this already shows the claim. For C > 1, we use Lemma [3] and Lemma [7] to see that 
iVoMfr) < (2JVc Qi[Sit] (y) + l) C 

< c (N a>M (x) + 1) (i + ivi^y 

< C(l + |y,|)*exp(CJV 0)[M] (x)). 

□ 



uar; u.u 



war; \u.v 
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Remark 5 (Unbounded vector fields). Letx be a p-rough path. Consider a collection V = (Vi) 1<i<d 

of locally Lip 1 ^ 1 -vector fields on K e 7 7 G (p, [p] + 1), such that Vi are Lipschitz continuous and the 

vector fields = (V, .... ,Vi r A , ,, are (7 — \p\) -Holder continuous. Then the RDE 

\ , W'»i,...,i[ P ]e{i,...,<i} w 

dy = V (y) dx; y G (M e ) 

/ias a unique solution (c.f. [12] , Exercise 10.56 and the solution thereafter and |18j ). Moreover, in 
|12j is shown that 

< C (1 + «/ ||x|| p _„ ar;[0il] exp (<V ||x||£_„ ar;[0il] ) 

where C = C (p, 7) and v is a bound on \ | HajVsupy 2 ^^y-z|^ . T/iis shows that Lemma 

[7] and Corollary^ apply for y, hence for any a > i/iere is a constant C = C (p, 7, 1/, a) suc/i £fta£ 

JVa,[.,t] (y) < c (! + ly s |) P exp (CW a;M (x)) 

/or all s < t in this case. 

6. Applications in stochastic analysis 

6.1. Tail estimates for stochastic integrals and solutions of SDEs driven by Gaussian 
signals. We now apply our results to solutions of SDEs and stochastic integrals driven by Gaussian 
signals, i.e. a Gaussian rough path X. Remark that all results here may be immediately formulated 
for SDEs and stochastic integrals driven by random rough paths as along as suitable quantitative 
Weibull-tail estimate for -/V a myi (X) are assumed. 
We first consider the non-linear case: 

Proposition 3. Let X be a centred Gaussian process in R d with independent components and 
covariance Rx of finite p-variation, p < 2. Consider the Gaussian p-rough paths X for p > 2p and 
assume that there is a continuous embedding 

l: H^ C q - var 

where ^ + ^ > 1. Let Y : [0, T] — > M e be the pathwise solution of the stochastic RDE 

dY = V (Y) dX; Y G R e 

where V — (Vi)--, d is a collection of Lip 1 -vector fields in R e with 7 > p. Moreover, let 
Z: [0, T] — > W be the stochastic integral given by 

t 



Zt = 7T1 Qf if (X) dX^j 



where tp = (<^j) i=1 d is a collection of Lip 7 1 (M. d , R e ) -maps, 7 > p. Then both \\Y\\ p _ var .^ T j 
and \\Z\\p_ var .tQ jn have Weibull tails with shape parameter 2/q. More precisely, if K > ||t|| op , 

M > V p 

— var 

(r- [0,T] 2 ) and v > \\V\\ Lip -,-i there is a constant r\ = r)(p, q, p, 7, v, K, M) > such 



that 



P (\\Y\\ P -var;[o,T] > r) < ~ exp (-, 7 r 2 /«) for allr>0 



and the same holds for \\Z\\ p _ var .^ T ^ if ' v > \\<p\\ Lipy -i instead. Ln particular, \\Y\\ p _ var .r ^ and 
\\Z\\ p _ var .[ Q jtj have finite exponential moments as long as q < 2. 
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Proof. From [5] we know that there is a a — a (p,p, M) such that 

p/iiixin p < a \ > 1 

\ IH ^ P -var;[0,T] - 2 P [p] j " 2 ' 

Hence, by Corollary[2l applied with a = (|) = 0, and the remark thereafter, 

f 1 ( ' a 1 / p r 1 / q \ 2> \ 
P{N a . %T] (X) >r}< exp I -- (—- J \ for all r > 

with ci — c\ (p,q, K, M). Corollary [3] shows that there is a constant C2 = ci (j>,q,K,M,j,u) such 
that also 

( r 2/q 1 

P {N a ,[o, T ] (Y) > r} < c 2 exp I — —\ for all r > 0. 
From Lemma S] we see that 

rilp- W ;[0 ; T] < l|Y|| p __, ;[0 ,T] < « VP (^a,[0,T] (Y) + 1) 

which shows the claim for ||^|| p _ uar .[o yi- The same holds true for || -^llp— uar .-[o t] ^ using Corol- 
laryU □ 

Remark 6. In the Brownian motion case (q = 1), we recover the well-known fact that solutions Y 
of the Stratonovich SDE 

dY = V (Y) o dB; Y a e R e 

have Gaussian tails at any fixed point Y t provided V is sufficiently smooth. We also recover that 
the Stratonovich integral 



[ ip (B) o dB 
Jo 



has finite Gaussian tails for every t > 0, ip sufficiently smooth. 

Proposition 4. Let X be as in Proposition^ Let Y : [0,T] — > R e be the pathwise solution of the 
stochastic linear RDE 

dY = V (Y) dX; Y Q G R e 
where V — {Vi) i=1 d is a collection of linear vector fields of the form Vi (z) — Aiz + hi, Ai are 
ex e matrices and 6j G R e . Then ^og(^\\Y\\ p _ var .^ jT -^j has a Weibull tail with shape 2/q. More 
precisely, if K > ||t|| op , M > V p - var (^R', [0, T] 2 ^j and v > maxi (\Ai\ + there is a constant 
V = V (jPi 1i Pi v i M) > such that 

P (^g (\\n p - va r^T]) > r )^ 1 - ex P (~W 2/q ) for all r > 

In particular, \\ Y\\ p _ var .[ T j has finite L s -moments for any s > provided q < 2. 

Proof. Same as for Proposition [3] using Corollary [5] □ 

Remark 7. In the case q = 1, which covers Brownian driving signals, we have log-normal tails. 
This is in agreement with trivial examples such as the standard Black-Scholes model in which the 
stock price St is log-normally distributed. 

Remark 8. The same conclusion holds for unbounded vector fields as seen in remark^ 
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6.2. The Jacobian of the solution flow for SDEs driven by Gaussian signals. Let x; [0, T] — > 

R d be smooth and let V = (V 1 , . . . , V d ) : R e -> M e be a collection of vector fields. We can in- 
terpret V as a function V: R e -> i(R d ,R e ) with derivative DV : R e -> L (R e ,L (M d ,R e )) = 
L (R d ,End(R e )). It is well-known that for sufficiently smooth V, the ODE 

dy = V (y) dx 

has a solution for every starting point yo and the solution flow yo — > Ut^o (yo) = 2/t is (Frechet) 
diffcrentiable. We denote its derivative by Jf<_ (Vo) = DU t ^o (•) l =y - Moreover, for fixed yo, the 
Jacobian J t = J^_ (yo) is given as the solution of the linear ODE 

dJ t = dM t ■ J t ; J = Id 

where M t £ End(R e ) is given by the integral 

(6.1) M t = f DV{y s ) dx s . 

Jo 

If x is a p-rough path, one proceeds in a similar fashion. First, in order to make sense of (16. 1|) if x and 
y are rough paths, one has to define the joint rough path (x, y) = z£ c p ~ var ([0, T] , (R d © R e )) 
first. To do so, one defines z as the solution of the full RDE 

dz = V (z) dx; z = exp (0, yo) ■ 

where V = (Id, V). Then, one defines M G C p - var ([0, T] , (R exe )) as the rough integral 

Mt = [ 4>(z) dz 
Jo 

where cj> : R d ©R e -> L (R d © R e , End (R e )) is given by (x, y) (x' , y') = DV (y) (x') for all x, x' G W 
and y, y' G R e . Finally, one obtains J t x = J£_ (yo) as the solution of the linear RDE 

dJf = dM t ■ Jf; Jo = Id. 

All this can be made rigorous; for instance, see [12], Theorem 11.3. Next, we give an alternative 
proof of the main result of [1] , slightly sharpened in the sense that we consider the p- variation norm 
instead of the supremum norm. 

Proposition 5. Let X be a centred Gaussian process in R d with independent components and 
covariance Rx of finite p-variation, p < 2. Consider the Gaussian p-rough paths X for p > 2p and 
assume that there is a continuous embedding 

l:H^ C q - var 

where ^ + | > 1- Then log f|| J.^_ (yo) || p _„ ar .[o t]} ^ las a Weibull tail with shape 2/q. In particular, 
if q < 2, this implies that || (2/o)|| p _ t)Qr .j T i has finite L r -moments for any r > 0. 

Proof. From Corollary [2] we know that Ni mr] (X) has a Weibull tail with shape 2/q. Combining 
the Corollaries [3J H] and [5] shows that there is a constant C such that 

log (N UOtTl (J^ (y )) + 1) < C (iV 1;[0 , T] (X) + 1) . 
From Lemma [3] we know that 

Ik* o (yo)|| p _ war;[0iT] < || J^_o (yo)|| p _ war;[0iX] < N um (J^o (y )) + 1. 

□ 
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6.3. An example from rough SPDE theory. In situations where one performs a change of 
measure to an equivalent measure on a path space, one often has to make sense of the exponential 
moments of a stochastic integral, i.e. to show that 



(6.2) 



E ^exp jy ' G{X) dX + J F (X) <ft j 



is finite for a given process X and some suitable maps G and F. The second integral is often 
trivially handled (say, when F is bounded) and thus take F = in what follows. Various situations 
in the literarture (e.g. |13j . [7]) require to bound (|6.2|) uniformly over a family of processes, say 
(X s : e > 0). We will see in this section that our results are perfectly suited for doing this. 

In the following, we study the situation of [13] . section 4. Here ip e = 4> e (t, x; w) is the stationary 
(in time) solution to the damped stochastic heat equation with hyper- viscosity of parameter e > 0, 

d^ = -e 2 d xxxx <ip* dt + (d xx - 1) V e dt + V2dW t 

where W is space-time white noise, a cylindrical Wiener process over L 2 (T) where T denotes the 
torus, say [— rr, tt] with periodic boundary conditions. Following [13] we fix t, so that the "spatial" 
interval [— tv,tt] plays the role of our previous "time-horizon" [0, T]. Note that a; i-> ip e (x,i) is a 
centred Gaussian process on T, with independent components and covariance given by 

E (^ (x, t) ® r (y, t)) = (x, y)I = K e (x-y)I 

where K e (x) is proportional to 

Ecos (kx) 
1 + k 2 + e 2 /c 4 ' 

As was pointed out by Hairer, it can be very fruitful in a non-linear SPDE context to consider 
lim E _> O '0 6 (t} •7 Ll as random spatial rough path. To this end, it is stated (without proof) in [T3] 
that the covariance of ip e has fnite p- variation in 2D sense, p > 1, uniformly in s. In fact, we can 
show something slightly stronger. Following [TITj, ip £ is C 1 in x for every e > 0, and can be seen as 
p-rough path, any p > 2, when e = 0. 

Lemma 8. The map T 2 3 (x,y) t— > R e (x,y) has finite l-variation in 2D sense, uniformly in e. 
That is, 

M := sup Vi- vaT (R £ ;T 2 ) < oo. 

Proof. By lower semi-continuity of variation norms under pointwise convergence, it suffices to con- 
sider e > 0. (Alternatively, the case e — is treated explicitly in [13]). We then note that 

cos (kx) _ 7r cosh (i (|x| - 71")) 

in L 2 (T) as may be seen by Fourier expansion on [— 7r,7r] of the function x M- cosh(i (|x| — 7r)j. 
Since \d XtV R t (x,y)\ = \K'J (x — y)\ we have 

V^ V ar(R s ;T 2 ) = [ \d x . y R e (x,y)\dxdy= [ \K'J (x - y)\ dx dy 
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On the other hand, 

PC Ml < 



fcez v 



1 



k 2 



Y> l 



e 2 fc 2 1 + k 2 + e 2 k 4 
cos (kx) 



cos (fcx) 



(l + e 2 fc 2 )(l/fc 2 + l + e 2 fc 2 ) 



71- COSh (|x| -7T)) 

esinh(f) 

7TCOSh (|x| — 7r)j 

esinh(f) 



< 



< 



i i V 1 i 7rcosh (H\ x \~ 7r )) 

t£> k2 esbh(f) 

7T 2 7TCOSh(|(|x| -7T)) 

+ 3 + esinhm 



Hence 



L K {x - »» ** £ (2 *> 2 ( 1+ t) + ism L cosh 



\x — y\ — 7r) I dx dy. 



We leave to the reader to see that the final integral is bounded, independent of s. For instance, 
introduce z — x — y as new variable so that only 

f-271 



7T 



esinh(f) 

4 n 
e sinh - 



2tt 

cosh 



cos] i [ - (|z| — 7r) i i/' : 



needs to be controlled. Using cosh ss sinh « exp for large arguments (or integrating explicitly ...) 
we get 



1 



e sinh ? 



cosh ^— ^ 



exp i 



• dz 



o eexp^j 
exp (f ) - 1 



exp (f ) 



< 1 



□ 



We then have the following sharpening of [13], Theorem 5.1. 



Theorem 2. Fix 7 > 2 and p e (2,7). isstime G = (G,) i=1 d is a collection of Lip''- 1 (R d ,R e ) 
maps. Then for some constant rj = 77 ^7,p, ||G|| LipT _i^ > we have the uniform estimate 



sup sup E I exp 77 

t6[0,oo) e>0 I V 



G(^ e (x,t)) d x ^ (x,t) 



< CO. 



(When e > 0, ip e is known to be G 1 in x so that we deal with Riemann-Stieltjes integrals, when 
e = 0, rj/ie integral is understood in rough path sense.) 
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Proof. By stationarity in time of ?p e (•, t) 1 uniformity in t is trivial. Note that the Riemann-Stieltjes 
integral 

' ' gw {x,t)) d x r (x,t) 



I 



can also be seen as rough integral where the integrator is given by the "smooth" rough path 
(ip £ , J i\) e ®d x ^ £ ) when e > 0. For e = 0, the above integral is a genuine rough integral, the 
existence of a canonical lift of tp (-,t) to a geometric rough path is a standard consequence (cf. 
[TTl [T!3] ) of finite 1-variation of R°, the covariance function of ip° (•, t). After these remarks, 



sup E < exp C 

e>0 \ 



G{r ( X ,t)) d x r (x,t) 



T 



< oo 



is an immediate application of Lemma [8] and Proposition [3l □ 
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